Abstract. A number of recent developments have led to simulations of an inverse cyclotron for cooling intense muon beams for neutrino factories and muon colliders. Such a device could potentially act as a novel beam cooling mechanism for muons, and it would be significantly smaller and cheaper than other cooling channel designs. Realistic designs are still being explored, but the first simulations of particle tracking in the inverse cyclotron, with accumulation in the cyclotron core, have been done with electrostatic simulations in the particle-in-cell code VORPAL. We present an overview of the muon inverse cyclotron concept and recent simulation results.
INTRODUCTION
Muon beam cooling is a necessity in modern muon collider and neutrino factory designs, and the only known means of cooling muon beams quickly enough before their eventual decay is through the technique of ionization cooling [1, 2, 3, 4, 5] . In ionization cooling channels, muon beams lose energy while passing through a low-Z material, such as liquid or gaseous hydrogen or lithium hydride. Combined with transverse focusing and RF re-acceleration, this process quickly reduces the transverse emittance of the beam. Emittance exchange techniques can be used to cool longitudinally as well.
A variety of muon cooling channels has been devised [6, 7, 8, 9, 10] . All of these channels are long and expensive, due mainly to the perceived need to keep the muon beam at its produced kinetic energy, around 100 MeV. This keeps the beam at energies high enough to minimize the rate of energy loss in the material and also prevents the longitudinal emittance growth due to the steeply negative stopping power curve for energies below 100 MeV. This requires constant alternation between low-Z material energy loss and RF re-acceleration. Such channels tend to be hundreds of meters long, resulting in decay losses of 10% to 20%, roughly equivalent to the same decay losses expected after 200 ns to 600 ns for a stopped muon beam.
In an inverse cyclotron, muons are injected into the cyclotron at the outer radius and proceed to spiral into the core of the cyclotron, losing energy in a low-Z, low-density gas such as hydrogen or a low-Z foil in the central plane of the cyclotron. After accumulation in the core, the muons are ejected out of the core in the direction perpendicular to the cyclotron plane and re-accelerated. Such devices date back thirty years [11, 12, 13, 14, 15, 16, 17, 18] and have been used for low-intensity muon and anti-proton beams.
Inverse cyclotrons are much smaller and less expensive than currently proposed cooling channels, but the concept has not yet been proven viable for intense muon beams. The outstanding issues involve whether the device can accept the initial, hot muon beam with minimal losses, and whether ionization rates in a gas or capture losses in a foil will be excessive. Also, it is uncertain how significant the space charge forces will be as the muons coalesce in the core of the inverse cyclotron or during ejection from the core. In this study, we address the effects of space-charge forces during accumulation of the beam in the core, where the muons are effectively stopped.
In the next section, we describe the simulation tools we use for this study, G4beamline and VORPAL. In the following section, we describe simulations performed and results. The last section entails our conclusions and plans for future work. 
SIMULATION TOOLS
The simulations of the inverse cyclotron for this study were conducted with two very different codes: G4beamline and VORPAL. G4beamline was used to explore and scan design parameters of the inverse cyclotron via single-particle tracking. With G4beamline simulations, we were able to assess the rough acceptance of the device with much less effort than with VORPAL. These parameters were then used for simulations with VORPAL, where the space-charge effects of the beam can be modeled by numerically solving the Poisson equation.
G4beamline [19, 20] is a particle tracking code developed by Tom Roberts at Muons, Inc., [21] built on top of the GEANT4 [22] toolkit, written in C++. It is capable of fully 3-dimensional charged-particle tracking in electric and magnetic fields, with the GEANT4 capabilities of tracking charged particles through matter, particle decay, and even particle production from high-energy impact with targets. It has become a widely used tool within the muon beams community and is actively being developed for use in simulating the helical cooling channels being developed by Muons, Inc [23] .
VORPAL is a fully-electromagnetic/electrostatic particle-in-cell (PIC) code, developed by Tech-X Corporation for modeling fully self-consistent electromagnetic laser-plasma interactions [24] . Since its original inception, its capabilities have been significantly expanded to allow for purely electrostatic calculations [25] , as well as many particle interactions, including field and impact ionization, particle-particle collisions, and fluid modeling. VORPAL is an object-oriented C++ simulation framework for 1-D, 2-D, and 3-D parallel simulations of fully relativistic charged fluids and particles on a structured grid. VORPAL can also combine fluid and kinetic modeling to provide hybrid simulation capability.
G4BEAMLINE & VORPAL SIMULATIONS
The nominal design of the inverse cyclotron for muon cooling consists of three stages: (1) energy loss injection, (2) accumulation into the core, and (3) ejection. In the first stage, the beam is injected into the cyclotron at the outer radius where thin wedges of solid low-Z material, such as lithium hydride, are placed periodically around the ring. The beam loses enough energy in the wedges such that its orbital radius in the cyclotron after a single turn is less than the injection radius by at least the beam diameter. Figure 1 depicts initial simulations of this stage with G4beamline.
FIGURE 2. This figure shows the reference trajectory for the second stage of the inverse cyclotron, where the muons spiral into the core of the cyclotron. One can see that the reference trajectory predicted by the two simulations codes, VORPAL and G4beamline, are slightly different near the core. This is due to the slightly different energy loss rates predicted by the two codes, which differ most significantly at low energies. These two orbits are superimposed on top of a 2D map of the magnetic field strength in the central plane of the cyclotron.
Once the beam has been injected into the cyclotron, the beam enters the second stage, spiraling into the core of the cyclotron as it loses energy in the low-density gas or foil. A particle trap is placed at the core to contain the stopped beam before space-charge forces blow up the trapped bunch. After the beam has had enough time to accumulate in the core-a small fraction of the muon lifetime-the electric trap fields are relaxed and an electrostatic kicker is applied to eject the muons from the core into a low-energy acceleration stage. A full simulation of the inverse cyclotron requires simulation of all three of these stages. In this article, however, we consider only accumulation during the second stage.
The magnetostatic field in the central plane of the cyclotron is assumed to take the following form,
where the first term roughly describes a magnetic bottle in the core of the cyclotron and the second term describes the 4-sector cyclotron fields [26] . In the simulations, the above in-plane field is expanded to fourth order in z to approximate the full field [27] . Figure 2 shows the trajectory of the design particle in the inverse cyclotron fields described above, as predicted by the two simulations codes G4beamline and VORPAL. The two trajectories differ slightly because the predicted energy loss in the two codes is slightly different. This difference is considered small for this study, as the scattering and space-charge forces result in considerably larger effects. For this simulation study, the interior of the cyclotron is assumed to be filled with 2.5 kg/m 3 hydrogen gas.
Single-particle G4beamline simulations were then performed to find the design orbit for a muon with an initial momentum of 180 MeV/c. This orbit was determined to start with a radius of 0.45 m at the center of one of the four Figure 2 . Using G4beamline, single-particle scans were made over (x, p x , z, p z , p) phase-space by varying only one of these parameters at a time. The muons that make it into the 5 cm radius core were recorded, and their initial positions in phase-space are assumed to map out a region of acceptance. We extract the widths of this region in each of the five dimensions of the scanned phase-space. The radial width is found to be roughly 5 cm. The transverse momentum width is found to be roughly ±20 MeV/c, and the longitudinal width is found to be roughly ±20 MeV/c.
Assuming a gaussian acceptance with these widths and a uniformly-distributed (i.e., "beer-can") beam with these same widths, we estimate (erf(1/ √ 2)) 5 = 15% of the 2 × 10 12 initial muons (3 × 10 11 muons) should make it to the core. Initial VORPAL simulations find roughly 3.6 × 10 11 muons arrive in the core with such a beam, which is slightly better than our gaussian-based estimates but still quite small. We, therefore, assume a uniformly-distributed beam of 2 × 10 12 muons with half of the above acceptance widths. The beam is then assumed to be 100 ns is length, which is comparable to the length to a typical muon beam after production in a pion decay channel. Table 1 summarizes the beam properties used in the VORPAL simulations. The transverse emittance of the initial beam is 0.15 mm-rad, or roughly 10% of the initial transverse emittance expected from typical pion decay channels. Based on the same gaussian assumptions described above, such a beam should result in 79% of the muons in the core (1.58×10 12 muons). It should be noted that, while this simulated beam is much smaller than typical muons beams after their production, pre-cooling can be done to reduce the emittance such that the actual muon beam meets these acceptance criteria. However, we are also exploring modified cyclotron designs to increase the acceptance of the device so that less, or possibly no, pre-cooling is necessary.
Using these beam parameters, VORPAL was used to conduct simulations of the inverse cyclotron with and without scattering (resulting in beam heating) and space-charge forces. To prevent the inevitable blow-up of the bunch in the core when space-charge forces are enabled, an approximation to a simple electrostatic trap was added to the simulation by adding a point-charge-like field 2 equal to the field produced from 2 × 10 12 muons at the center of the cyclotron. We run the simulation for 400 ns, which accounts for the roughly 300 ns spiral time of the design particle and the 100 ns length of the beam. Figure 3 shows the results of two different configurations, one with scattering and space-charge forces disabled (Ideal) and one with scattering and space-charge forces enabled with an approximated electrostatic trap in the core (Full). The Ideal simulation shows 1.72 × 10 12 muons accumulating in the core, of an initial 2 × 10 12 initially simulated. This means roughly 14% of the muons are lost due to the magnetic field configuration alone. When spacecharge forces and scattering are enabled, and the approximated electrostatic trap is added to the simulation (Full), an additional 4% (18% total) of the muons are lost. This suggests that the scattering effects are not terribly adverse, and that the space-charge forces can be effectively compensated with an electrostatic trap (assuming the trap field strengths are not prohibitively large to construct and operate). It also suggests that space-charge forces do not have a significant effect outside of the cyclotron core.
CONCLUSIONS & FUTURE WORK
The simulations performed in this study are the first of their kind for the muon inverse cyclotron. They represent the first full beam simulations of accumulation in the core of the cyclotron with space-charge forces enabled. The results are very encouraging.
Based on parameter scans with G4beamline, we were able to develop preliminary designs for the inverse cyclotron that performed well in full beam simulations with VORPAL. The VORPAL simulations suggest that space-charge forces are not a significant problem outside the core, and these simulations confirm the G4beamline-tested design. A 0.15 mm-rad transverse emittance beam of 2 × 10 12 muons was successfully accumulated in the core of the cyclotron with only 18% loss after 400 ns. The expected decay losses in this time are roughly 16%, resulting in a total of 34% losses. While the initial beam used for these simulations has a much smaller emittance than initial muons beams in typical neutrino factory and muon collider designs, pre-cooling can be applied to the beam to reduce the emittance until it meets the acceptance criteria.
Future work will require full end-to-end simulations of the inverse cyclotron, including complete simulations of all three stages. With these full simulations, following ejection and initial re-acceleration of the beam, we will be able to make the first estimates of the cooling capability of the muon inverse cyclotron. Designs of the cyclotron fields continue to be explored with G4beamline in the hopes of finding a design with a larger acceptance, such that less (or no) pre-cooling is necessary before injection into the inverse cyclotron. Realistic designs of the electrostatic trap and ejection from the core have been simulated in VORPAL, but these trap designs have yet to be incorporated into the VORPAL simulations performed for this study. Initial acceleration after ejection must also be simulated. Additionally, G4beamline simulations are being performed to optimize the energy-loss injection scheme, but this scheme has not been implemented in the VORPAL simulations to date. Estimates of losses due to muonium formation (for µ + ) and muon atomic capture (for µ − ), as well as estimates of ionization rates and the behavior of the resulting plasma, must also be computed to fully assess the inverse cyclotron concept. However, we believe that full end-to-end simulations of the muon inverse cyclotron are feasible in the near future.
